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Abstract
In the first part of this paper we outline the constructions and properties of Fe-
dosov star product and Berezin-Toeplitz star product. In the second part we outline
the basic ideas and recent developments on Yau-Tian-Donaldson conjecture on the
existence of Kähler metrics of constant scalar curvature. In the third part of the paper
we outline recent results of both authors, and in particular show that the constant
scalar curvature Kähler metric problem and the study of deformation quantization
meet at the notion of trace (density) for star product. We formulate a cohomology
formula for the invariant of K-stability condition on Kähler metrics with constant
Cahen-Gutt momentum.
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1 Introduction
Let M be a closed Kähler manifold. The existence of constant scalar curvature Kähler
metric has been extensively studied over many years, and is still one of the main problems
in complex geometry.
The scalar curvature of a compact Kähler manifold gives a moment map in the Donaldson-
Fujiki picture. Since the zeros of the moment map are considered to correspond to the
stable orbit in Geometric Invariant Theory by Kempf-Ness theorem [41] it is conjectured
that the existence of constant scalar curvature metrics should be equivalent to certain
notion of GIT stability (the Yau-Tian-Donaldson conjecture).
In the balanced metric approach, Luo [50] expressed a stability condition for a polarized
Kähler manifold (M,L) as the constancy of the Bergman function, see also [61]. Consider-
ing tensor powers Lk of L and corresponding Bergman functions ρk, Donaldson [21] used
the asymptotic expansion of the Bergman function to prove the following. Assume that
Aut(M,L) is discrete, if there exists a constant scalar curvature Kähler form in c1(L) then
1. (M,L) is asymptotically stable and thus for each k a balanced metric of Lk exists,
2. as k → ∞ the balanced metrics converge to the constant scalar curvature Kähler
metric.
In the framework of prequantizable Kähler manifolds, it was shown by Bordemann-
Meinrenken-Schlichenmaier [9] that quantization by Toeplitz operators has the correct
semi-classical behaviour. The asymptotic expansion of the composition of Toeplitz oper-
ators yields an associative formal deformation of the Poisson algebra of smooth functions
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of the symplectic manifold: the Berezin-Toeplitz star product, see [64] for a proof (this
results was already obtained by Bordemann-Meinrenken-Schlichenmaier shortly after [9],
confer the references in [64]). Before that, the Bergman function ρk was already studied by
Rawnsley [62], when it is constant for all k, Cahen-Gutt-Rawnsley [13] already obtained a
deformation quantization of the Kähler manifold.
In the formal deformation quantization of a symplectic manifold, or more generally of
a Poisson manifold, defined in [4] the quantization procedure is an associative deformation
of the Poisson algebra of observables. That is a star product ∗ on the space C∞(M)[[ν]]
given by a series of bidifferential operators deforming the pointwise product and satisfying
1
ν
(F ∗G−G ∗ F )− {F,G} = O(ν). Star products do exist on any symplectic manifold by
Dewilde–Lecomte [20], Fedosov [25] and Omori–Maeda–Yoshioka [58] and more generally
on any Poisson manifolds by Kontsevitch [42].
In this survey, we show that the constant scalar curvature Kähler metric problem and
the study of deformation quantization meet at the notion of trace (density) for star product.
Star products on symplectic manifolds admit an essentially unique trace [25], [54], [37], that
is a character on the Lie algebra (C∞c (M)[[ν]], [·, ·]∗) for [·, ·]∗ denoting the ∗-commutator.
Moreover, the trace of a star product can always be written as an L2-pairing with an
essentially unique formal function ρ ∈ C∞(M)[ν−1, ν]] (where we allow a finite number of
negative powers of ν), called a trace density.
Connes-Flato-Sternheimer [16] define strongly closed star products for which the in-
tegration functional is a trace. Equivalently, it means that the trace density is a formal
constant, i.e. ρ ∈ R[ν−1, ν]]. If such a closed star product exists, it is possible to define its
character [16], a cyclic cocycle in cyclic cohomology. The character of a closed star product
on a symplectic manifold has been identified first for cotangent bundles in [16] and after
that for closed symplectic manifold by Halbout using the index theorem for Fedosov star
products [26], [54].
Back to the settings of a closed prequantizable Kähler manifold (M,L) with ω ∈ c1(L)
and the tensor powers Lk of L we consider the underlying Berezin-Toeplitz star product
[64]. The Bergman kernel ρk, more precisely, a formal version of its asymptotic expansion
ρ ∈ C∞(M)[ν−1, ν]] (setting ν = 1
k
in the expansion) gives a trace density for the Berezin-
Toeplitz star product. Following the Tian-Yau-Zelditch (TYZ) expansion [67], [73], the
first possibly non-constant term in ρ is a multiple of the scalar curvature of the Kähler
manifold. So that for a Berezin-Toeplitz star product the closedness condition means the
coefficients of TYZ expansion are constants, hence scalar curvature must be constant.
The above suggests that trace densities and closedness of “naturally” defined star prod-
ucts could be studied from a Kähler geometry point of view. Our “naturally” defined star
products will be star products obtained from Fedosov’s method [25]. Fedosov star products
exist on any symplectic manifold and only depends on the choice of a symplectic connec-
tion on the symplectic manifold (we set extra possible choices equal to 0). His method
provides an algorithm to obtain the bidifferential operators defining the star product. We
will present his method in this survey and perform it up to order 3 in ν.
Consider now the trace density of such a Fedosov star product. The second author
[43] identifies the first possibly non-constant term to be the image of a moment map on
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the infinite dimensional space of symplectic connections previously discovered by Cahen-
Gutt [12]. We call this image, which will be described in (5) as µ(∇), the Cahen-Gutt
momentum. In view of the TYZ expansion, it suggests an analogy between the Cahen-
Gutt momentum and the scalar curvature. Pushing the analogy further, the second author
[44] defined a Futaki invariant obstructing the constancy of the Cahen-Gutt momentum on
Kähler manifolds, and hence obstructing the existence of closed Fedosov star product on
Kähler manifolds. This invariant is inspired from the work of the first author [28] in which
an obstruction to the existence of constant scalar curvature Kähler metrics is discovered.
Very recently, together with Ono, the first author [34] proved an analogue of the Calabi-
Lichnerowicz-Matsushima theorem for a Cahen-Gutt version of extremal Kähler metrics.
As a byproduct, the non-reductiveness of the reduced Lie algebra of holomorphic vector
fields (assuming a non-negativity condition on the Ricci tensor) is an obstruction to the
existence of closed Fedosov star product on Kähler manifolds.
In view of the analogies with the constant scalar curvature Kähler metric problem
discovered in [43, 44] and [34], we may expect that Geometric Invariant Theory would
play some role also in the study of deformation quantization. In the last part of the
paper we formulate a version of K-stability for the existence of Kähler metrics of constant
Cahen-Gutt momentum.
Acknowledgement
Part of this work was written during the second author was visiting Tsinghua Univer-
sity, second author would like to thank Tsinghua University and the first author for this
opportunity and for hospitality.
2 Deformation Quantization
2.1 Definition and general properties
On a symplectic manifold (M,ω), a star product as defined in [4] is a formal associa-
tive deformation of the Poisson algebra of functions (C∞(M), ·, {·, ·}). Recall that the
symplectic form ω is a closed nondegenerate 2-form. It induces the Poisson bracket
{F,G} := −ω(XF , XG) for F,G ∈ C∞(M) and vector field XF uniquely determined by
ı(XF )ω = dF .
A star product is a product on the space C∞(M)[[ν]] of formal power series in ν with
coefficient in C∞(M) defined by :
F ∗G :=
+∞∑
r=0
νrCr(F,G), for F,G ∈ C∞(M)[[ν]]
such that :
1. ∗ is associative,
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2. the Cr’s are bidifferential ν-linear operators,
3. C0(F,G) = FG and C
−
1 (F,G) := C1(F,G)− C1(G,F ) = {F,G},
4. the constant function 1 is a unit for ∗ (i.e. F ∗ 1 = F = 1 ∗ F ).
The existence of star product on symplectic manifolds was first obtained by Dewilde–
Lecomte [20], and also by Fedosov [25] and Omori–Maeda–Yoshioka [58]. Kontsevitch [42]
proved the existence of star products on any Poisson manifold.
Example 2.1. Consider the vector space R2n endowed with linear symplectic structure
ωlin :=
1
2
(ωlin)ijdx
i ∧ dxj .
The Moyal star product of F and G ∈ C∞(R2n) is defined by:
(F ∗Moyal G)(x) :=
(
exp
(ν
2
Λij∂yi∂zj
)
F (y)G(z)
)∣∣∣
y=z=x
=
+∞∑
r=0
(ν
2
)r 1
r!
Λi1j1 . . .Λirjr
∂rF
∂xi1 . . . ∂xir
(x)
∂rG
∂xj1 . . . ∂xjr
(x),
where Λij denotes the coefficients of the inverse matrix of (ωlin)ij.
On symplectic manifolds, the classification of star products up to equivalence was ob-
tained by Bertelson–Cahen–Gutt [7], Deligne [17], Nest–Tsygan [54].
Let ∗ and ∗′ be two star products on C∞(M)[[ν]], they are said to be equivalent if there
exists a formal power series of differential operators T of the form:
T = Id+
+∞∑
r=1
νrTr,
such that
T (F ) ∗′ T (G) = T (F ∗G).
Remark that such a series T is invertible as a formal power series, so that if ∗ and T are
given, the above equation determines a star product ∗′.
Theorem 2.2 (Bertelson–Cahen–Gutt [7], Deligne [17], Nest–Tsygan [54]). On a symplec-
tic manifold (M,ω) the equivalence classes of star products are in bijection with the space
H2
dR
(M)[[ν]] of formal power series in ν with coefficients in the second de Rham cohomology
group of M .
It means, in particular, that the Moyal star product is the local model of star product up
to equivalence.
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Consider a star product ∗ and C∞c (M) be the space of smooth functions with compact
support. A trace for ∗ is a R[[ν]]-linear map
tr : C∞c (M)[[ν]]→ R[ν−1, ν]] : F 7→ tr(F ) := νl
∞∑
r=0
νrτr(F )
such that tr([F,G]∗) = 0, for [F,G]∗ := F ∗G−G ∗ F with F,G ∈ C∞c (M)[[ν]] and l ∈ Z.
Denoting by C−k the anti-symmetrization of the bidifferential operators Ck defining ∗,
one obtains a family of equation for the τr’s: for all k ≥ 0 and F,G ∈ C∞c (M)[[ν]],
τk({F,G}) + τk−1(C−2 (F,G)) + . . .+ τ0(C−k+1(F,G)) = 0. (1)
Theorem 2.3 (Fedosov [25], Nest–Tsygan [54], Gutt–Rawnsley [37]). Any star product
on a symplectic manifold (M,ω) admits a trace which is unique up to multiplication by
an element of R[ν−1, ν]]. Moreover, any traces is given by an L2-pairing with a formal
function ρ ∈ C∞(M)[ν−1, ν]]:
tr(F ) =
1
νm
∫
M
Fρ
ωm
m!
. (2)
The formal function ρ in Equation (2) is called a trace density. It is unique up to
multiplication by an element of R[ν−1, ν]].
Sketch of proof. We summarize the proof given in [37].
For uniqueness, observe that for k = 0, Equation 1 becomes τ0({F,G}) = 0 for all pairs
of functions. Then, it is shown in [10] that τ0 is the integration functional up to a multiple.
Uniqueness follows from an induction. For any two traces of the form τ :=
∑
r≥0 ν
rτr and
τ ′ :=
∑
r≥0 ν
rτ ′r that coincide up to order k− 1 ≥ 1, then there difference is also a trace, it
means τk − τ ′k vanishes on Poisson brackets and is then a multiple of the integral. Hence,
there exists a constant C such that τ and (1 + Cνk)τ ′ coincide up to order k.
One way to construct traces for general star product is to patch together canonical traces
for the local model of star product: the Moyal star product. Indeed, one observes that for
∗Moyal the Moyal star product on (R2m, ω0 :=
∑m
i=1 dx
i ∧ dyi) with standard coordinates
(xi, yi), the integral is a trace
tr∗Moyal(F ) :=
1
νm
∫
M
F
ωm0
m!
, ∀F ∈ C∞c (R2m)[[ν]].
The factor 1
νm
normalises the trace functional in the following meaning. If ξ is a conformal
symplectic vector field on (R2m, ω0 :=
∑n
i=1 dx
i ∧ dyi), i.e. Lξω0 = ω0, then the operator
Dξ := Lξ+ν
∂
∂ν
is a derivation of ∗Moyal, i.e. Dξ(F ∗MoyalG) = Dξ(F )∗MoyalG+F ∗MoyalDξG.
The trace tr∗Moyal is normalised in the sense that it satisfies the equation
tr∗Moyal(DξF ) = ν
∂
∂ν
tr∗Moyal(F ).
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Now, if ∗˜ is any star product on (R2m, ω0), it is equivalent to ∗Moyal through an operator
T = Id+ ν . . ., such that TF ∗Moyal TG = T (F ∗˜G). One obtain a trace for ∗˜
tr∗˜(F ) := tr∗Moyal(T (F )) =
1
νm
∫
M
T (F )
ωm0
m!
, ∀F ∈ C∞c (R2n)[[ν]].
The trace density of tr∗˜ is ρ∗˜ := T ′(1) for T ′ the formal adjoint of T (with respect to ω
m
0
m!
),
as by definition
1
νm
∫
M
T (F )
ωm0
m!
=
1
νm
∫
M
FT ′(1)
ωm0
m!
.
Note that the operator D := T−1 ◦Dξ ◦ T = ν ∂
∂ν
+ Lξ + D
′, for D′ a formal differential
operator, is a derivation of ∗˜. The trace tr∗˜ satisfies the equation
tr∗˜(DF ) = ν
∂
∂ν
tr∗˜(F ). (3)
So that for a general symplectic manifold equipped with a star product ∗, one first
constructs local traces on a Darboux open cover. Then, to globalise the local trace con-
structed one has to be sure they coïncide on intersections of Darboux charts on a general
symplectic manifold. For this, a normalisation condition introduced by Karabegov comes
into play. Define ν-Euler derivation of the star product to be local derivation of the star
product ∗ of the form
D := ν
∂
∂ν
+ Lξ + Dˆ,
for Dˆ a series of local differential operators and ξ is a conformal symplectic vector field. A
trace tr for a star product is called normalised if it satisfies
tr(DF ) = ν
∂
∂ν
tr(F ),
in any open set U and for any ν-Euler derivation D on U (in fact, one is enough in any U).
One then shows that normalised traces are unique. Finally, the local trace tr∗˜ is normalised
by Equation (3).
A star product is called closed up to order l if the integration map is a trace modulo
terms in νl+1: ∫
M
F ∗Gω
m
m!
=
∫
M
G ∗ F ω
m
m!
+O(νl+1)
for all F,G ∈ C∞c (M)[[ν]]. We will say a star product is closed if it is closed up to any
order. It means that formal constants are the trace densities.
Remark 2.4. Our definition of closed star product corresponds to strongly closed star
product in [16]. We drop the strongly as our work is mainly focused on closedness up to
order 3 of Fedosov star product.
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Any star product on a symplectic manifold is equivalent to a strongly closed star product
[59]. On a closed symplectic manifold (M,ω), Karabegov [39] gave a short proof of how to
get a closed star product equivalent to a given one. Consider a star product ∗ with trace
density ρ such that ∫
M
ρ
ωm
m!
=
∫
M
ωm
m!
.
This is always possible as we can modify ρ with a formal constant. Then, one obtains
a formal exact 2m-form ρω
m
m!
− ωm
m!
=
∑
r≥1 ν
rµr, so that for all r ≥ 1, µr = dαr for
some (2m − 1)-form αr. Set Xr the vector fields such that −i(Xr)ωmm! = αr and define
B := Id+
∑
r≥1 ν
rXr a formal series of first order differential operators. We can define a star
product ∗˜ equivalent to ∗ by the formula F ∗˜G := B−1(BF ∗BG) for F,G ∈ C∞(M)[[ν]].
It is clear that tr∗ determines a trace for ∗′ by the formula
tr∗˜(BF ) = tr∗(F ) =
∫
M
Fρ
ωm
m!
.
On the other hand,∫
M
BF
ωm
m!
=
∫
M
F
ωm
m!
−
∑
r≥1
νr
∫
M
FLXr
ωm
m!
=
∫
M
Fρ
ωm
m!
,
where we used integration by part and then LXr
ωm
m!
= di(Xr)
ωm
m!
= −µr. It means that tr∗˜
is the integral and hence ∗˜ is strongly closed.
2.2 Moment maps and trace densities
From above, we know trace densities lowest order term in ν is a constant. In this section,
we focus on the next order term in ν. It turns out that this term admits a moment map
interpretation in various examples of star products [43].
The space of symplectic connections
Symplectic connections are the main tool to construct star products on symplectic mani-
folds. Already in [4] a symplectic connection is used to build a truncated star product up
to order 3 in ν (precisely the order we are interested in this subsection). Also, in [36], it is
proved that star products (in fact the C2 term) determines a unique symplectic connection.
A symplectic connection is a connection ∇ on a symplectic manifold (M,ω) satisfying
∇ω = 0 and T∇ = 0, for T∇ being the torsion tensor. There always exists a symplectic
connection on a symplectic manifold. Indeed, consider a torsion free connection ∇0 on M
and define the tensor N on M by
∇0Xω(Y, Z) := ω(N(X, Y )Z).
Then, the connection ∇ defined by
∇XY := ∇0XY +
1
3
(N(X, Y ) +N(Y,X))
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is a symplectic connection.
Moreover, any two symplectic connections ∇ and ∇′ will differ by A(X) := ∇X −∇′X ,
for A(·) be a 1-form with values in the endomorphism bundle of TM such that
A(X, Y, Z) := ω(A(X)Y, Z)
is completely symmetric, i.e. A ∈ Γ(S3T ∗M). Conversely, from any symplectic connection
∇ and any A ∈ Γ(S3T ∗M) the connection ∇+A is symplectic. So that, the space E(M,ω)
of symplectic connections is the affine space
E(M,ω) = ∇+ Γ(S3T ∗M) for any symplectic connection ∇
From now on, we assume M is closed. The space E(M,ω) is naturally a symplectic
space admitting a symplectic action of the group of Hamiltonian automorphisms. The
symplectic form ΩE is the natural pairing of the symmetric 3-tensors A and B:
ΩE(A,B) :=
∫
M
Λi1j1Λi2j2Λi3j3Ai1i2i3Bi1i2i3
ωm
m!
=
∫
M
tr(A
◦∧ B) ∧ ω
m−1
(m− 1)!
where
◦∧ is the wedge product on the form part and the composition of the endormorphism
part.
A symplectic diffeomorphism ϕ acts on E(M,ω) by:
(ϕ.∇)XY := ϕ∗(∇ϕ−1∗ Xϕ−1∗ Y ),
for all X, Y ∈ TM and ∇ ∈ E(M,ω) and this action is symplectic. In particular, the group
Ham(M,ω) acts symplectically on E(M,ω).
Denote by C∞0 (M) the space of smooth functions with zero integral. It is naturally
identified to the Lie algebra of Hamiltonian vector fields through the relation i(XF )ω = dF
for F ∈ C∞0 (M). The infinitesimal action of −XF on E(M,ω) is simply the Lie derivative:
(LXF∇) (Y )Z = ∇2(Y,Z)XF +R∇(XF , Y )Z, (4)
where∇2(U,V )W := ∇U∇VW−∇∇UVW is the second covariant derivative andR∇(U, V )W :=
[∇U ,∇V ]W −∇[U,V ]W is the curvature tensor of ∇, for U, V,W ∈ Γ(TM).
Recall the definition of the Ricci tensor Ric∇(X, Y ) := tr[V 7→ R∇(V,X)Y ] for all
X, Y ∈ TM . Set P (∇) be the function defined, using a multiple of the first Pontryagin
form of the manifold, by
P (∇)ω
m
m!
:=
1
2
tr(R∇(., .)
◦∧ R∇(., .)) ∧ ω
m−2
(m− 2)! .
Finally, define the map µ : E(M,ω)→ C∞0 (M) by
µ(∇) := (∇2(p,q)Ric∇)pq + P (∇) (5)
where the indices are raised using the symplectic form. We call µ(∇) the Cahen-Gutt
momentum of ∇.
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Theorem 2.5 (Cahen–Gutt [12]). The map µ : E(M,ω) → C∞(M) is an equivariant
moment map for the action of Ham(M,ω) on E(M,ω), i.e.
d
dt
∣∣∣∣
0
∫
M
µ(∇+ tA)F ω
m
m!
= ΩE∇(LXF∇, A). (6)
We now describe the link between the moment map µ and the trace density for star
products. We will only consider truncated star products up to order 3. In [4], it was
shown that on any symplectic manifold, a generalisation of the Moyal ∗-product up to
order 3, which we will call truncated star product ∗3∇, can be obtained using a symplectic
connection ∇:
F ∗3∇ G := FG+
ν
2
{F,G}+ ν
2
8
Λi1j1Λi2j2∇2i1i2F∇2j1j2G+
ν3
48
S3∇(F,G), (7)
for
S3∇(F,G) := Λ
i1j1Λi2j2Λi3j3LXF∇i1i2i3LXG∇j1j2j3.
The bidifferential operator S3∇ is a cocycle for the Chevalley cohomology of (C
∞(M), {·, ·})
with respect to the adjoint representation onto itself. It is never exact and its cohomology
class is independent of ∇, see [4].
One geometric way to prolong formula (7) to get a star product is to go through the
Fedosov construction [25], see next section.
Proposition 2.6. The functional F 7→ τ(F ) := ∫
M
F ω
m
m!
− ν2
24
∫
M
Fµ(∇)ωm
m!
gives a “trun-
cated” trace for the truncated star product ∗3∇.
Proof. Because the terms of (7) at order 0 and 2 in ν are symmetric in F and G. One has
[F,G]∗3
∇
:= ν{F,G}+ ν
3
24
S3∇(F,G)
Now, consider a truncated trace functional τ(F ) :=
∫
M
F ω
m
m!
+ ντ1(F ) + ν
2τ2(F ) for
the truncated star product ∗3∇. Clearly, Equation (1) is satisfied for k = 0. For k = 1,
Equation (1) becomes
τ1({F,G}) = 0,
which implies that τ1 is a multiple of the integral, see [10]. As traces are unique up to
multiplication by a formal constant, we can choose τ1 = 0. Now comes an interesting
equation for k = 2, we have
1
24
∫
M
S3∇(F,G)
ωm
m!
+ τ2({F,G}) = 0. (8)
But the integral of S3∇ is the symplectic form Ω
E so that the equation reduces to
1
24
ΩE∇(LXF∇,LXG∇) = −τ2({F,G}).
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Finally, using the moment map Equation (6) and then the equivariance, we have
1
24
∫
M
µ∗(LXG∇)F
ωm
m!
= −τ2({F,G}),
− 1
24
∫
M
µ(∇)LXGF
ωm
m!
= −τ2({F,G}). (9)
As−LXGF = {F,G}, we see that the functional τ2(H) := −
∫
M
Hµ(∇)ωm
m!
forH ∈ C∞c (M)
is a solution to Equation (9) and then satisfies the trace functional equation for k = 2,
that is Equation (8).
2.3 Fedosov construction
Fedosov builds in [24] a star product on any symplectic manifold. His construction is
obtained by identifying C∞(M)[[ν]] with the algebra of flat sections of the Weyl bundleW
endowed with a flat connection.
Consider the vector space (R2m, ωlin := 12(ωlin)ijdx
i ∧ dxj) as in Example 2.1. Let
{yi |i = 1, . . . , 2m} a basis of the dual space (R2m)∗. The formal Weyl algebra (W, ◦) is
the algebra over R[[ν]] of formal power series of the form
a(y, ν) :=
∑
2k+l≥0
νkak,i1...ily
i1 . . . yil, (10)
two of its elements being multiplied using the Moyal star product
(a ◦ b)(y, ν) :=
(
exp
(ν
2
Λij∂yi∂zj
)
a(y, ν)b(z, ν)
)∣∣∣
y=z
=
+∞∑
r=0
1
r!
(ν
2
)r
Λi1j1 . . .Λirjr
∂ra
∂yi1 . . . ∂yir
∂rb
∂yj1 . . . ∂yjr
.
We assign degree 1 to the variables yi and degree 2 for the variable ν, so that terms in
Equation (10) are ordered by degree.
The formal Weyl algebra is naturally equipped with an action of the symplectic linear
group Sp := Sp(R2m, ωlin). That is, for a matrix (Aij) ∈ Sp and a(y, ν) as in Equation (10),
define
ρ(A)a(y, ν) := a(y ◦ A−1, ν) =
∑
2k+l≥0
νkak,i1...il(A
−1)i1j1 . . . (A
−1)iljly
j1 . . . yjl.
Because A preserves the symplectic form ωlin, the action preserves the Moyal product ◦.
Its differential gives a Lie algebra action of the Lie algebra sp of the Lie group Sp.
dρ(B)a(y, ν) :=
1
2ν
[ωjiB
i
ly
jyl, a(y, ν)]◦,
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for B ∈ sp (i.e. ωjiBil is symmetric in j, l), where [·, ·]◦ denotes the ◦-commutator. This
action enables one define the formal Weyl bundle on any symplectic manifold and lift
symplectic connections to it.
We now consider a symplectic manifold (M,ω). A symplectic frame at x ∈ M is the
data of a basis {ei |i = 1, . . . , 2m} of TxM such that ω(ei, ej) = (ωlin)ij . The union of
all symplectic frames at any point of M forms a Sp-principal bundle F (M,ω) called the
symplectic frame bundle.
The formal Weyl bundle is the vector bundle of Weyl algebra associated to the frame
bundle:
W := F (M,ω)×SpW.
The sections of the Weyl bundle writes locally as formal power series:
a(x, y, ν) :=
∑
2k+l≥0
νkak,i1...il(x)y
i1 . . . yil,
where ak,i1...il(x) are, in the indices i1, . . . , il, the components of a symmetric tensor on M
and we call 2k + l the W-degree (inherited from W) of νkak,i1...il(x)yi1 . . . yil. The space
of sections of W, denoted by ΓW, has a structure of an algebra defined by the fiberwise
product
(a ◦ b)(x, y, ν) :=
(
exp(
ν
2
Λij∂yi∂zj )a(x, y, ν)b(x, z, ν)
)
|y=z
To describe connections on W and curvature forms, we will consider the bundle W ⊗
Λ(M) of forms with values in the Weyl algebra. Sections in ΓW ⊗ Λ(M) admit local
expression: ∑
2k+l≥0
νkak,i1...il,j1...jp(x)y
i1 . . . yildxj1 ∧ . . . ∧ dxjp.
The ak,i1...il,j1...jp(x) are, in the indices i1, . . . , il, j1, . . . , jp, the components of a tensor on
M , symmetric in the i’s and antisymmetric in the j’s. The ◦-product extends to the space
ΓW⊗Λ∗(M), for a⊗α and b⊗β ∈ ΓW⊗Λ∗(M), we define (a⊗α)◦(b⊗β) := a◦b⊗α∧β. The
W-valued forms inherits the structure of a graded Lie algebra from the graded commutator
[s, s′]◦ := s◦s′−(−1)q1q2s′◦s, where s is a q1-form and s′ a q2-form (anti-symmetric degree).
Consider now a symplectic connection ∇ on (M,ω). It lifts to a connection 1-form on
the frame bundle F (M,ω) which induces a covariant derivative ∂ of ΓW. Writing Γkij the
Christoffel symbols of the symplectic connection ∇, the induced ∂ acts on sections as
∂a := da+
1
ν
[Γ, a]◦ ∈ ΓW ⊗ Λ1M.
where Γ := 1
2
ωlkΓ
k
ijy
lyjdxi (note that ωlkΓkij is symmetric l, j because ∇ preserves the
symplectic form). One extends ∂ to a graded derivation on ΓW ⊗ ΛM using the Leibniz
rule :
∂(a⊗ α) := (∂a) ∧ α + a⊗ dα.
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The curvature ∂◦∂ of ∂ is expressed in terms of the curvature tensor R of the symplectic
connection ∇.
∂ ◦ ∂a := 1
ν
[R, a]◦,
where R := 1
4
ωirR
r
jkly
iyjdxk ∧ dxl.
Up to now, the connection ∂ is very particular as it comes from a 1-form with values
in the Lie algebra sp realised as order 2 elements in ΓW. To make this connection flat, we
will incorporate more general endomorphisms of ΓW. Define
δ(a) := dxk ∧ ∂yka = −
1
ν
[ωijy
idxj , a]◦.
One checks that δ2 = 0 and δ∂+∂δ = 0, moreover δ is a graded derivation of the ◦-product.
We consider connection on ΓW of the form
Da := ∂a − δa + 1
ν
[r, a]◦, (11)
where r is a W-valued 1-form. Its curvature is given by
D2a = 1
ν
[
R + ∂r − δr + 1
2ν
[r, r]◦, a
]
◦
.
So, the flatness of D is now an equation on the unknown W-valued 1-form r:
R + ∂r − δr + 1
ν
r ◦ r = Ω, (12)
using 2r ◦ r = [r, r]◦, for Ω ∈ Ω2(M)[[ν]] being any closed formal 2-form (which is central).
The key to solve Equation (12) is a Hodge decomposition of ΓW ⊗ Λ(M). Define
δ−1apq :=
1
p+ q
yki(∂xk)apq if p+ q > 0 and δ
−1a00 = 0,
where apq is a q-forms with p y’s and p + q > 0. We then have the Hodge decomposition
of ΓW ⊗ ΛM :
δδ−1a+ δ−1δa = a− a00. (13)
Theorem 2.7. For any given closed central 2-form Ω ∈ νΩ2(M)[[ν]], there exists a unique
solution r ∈ ΓW ⊗ Λ1M of:
R + ∂r − δr + 1
ν
r ◦ r = Ω,
with degree at least 3 and satisfying δ−1r = 0.
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Proof. A solution r with degree at least 3 would have r00 = 0. As δ−1r = 0, the Hodge
decomposition (13) gives the following equation for a solution r of Equation (12):
r = δ−1δr = δ−1
(
R− Ω)+ δ−1(∂r + 1
ν
r ◦ r
)
. (14)
Since δ−1 raises the y degree by 1, this equation can be solved recursively and the solution is
unique. Indeed, denoting by r(k) the degree k component of r, then δ−1∂r(k) has degree k+1
and δ−1
(
1
ν
r ◦ r) has degree 2k−1 > k (when k ≥ 2). So, starting with r(3) := δ−1(R−Ω),
one obtains r(k) for k > 3 by induction. Such an r is unique.
One checks that r is indeed a solution of Equation (12).
Remark 2.8. It is possible to incorporate connections with torsion in the Fedosov construc-
tion, see [40]. In that case, the solution r we are looking for will have non-zero r(2) that
depends on the torsion.
The equation (14) enables to compute r recursively with respect to the W-degree.
However, the computation of high degree terms becomes more and more complicate and
there is no nice formula available for it. We write b(k) the W-degree k component of
b ∈ ΓW ⊗ Ω(M).
Proposition 2.9. The solution r to the Equation (12) satisfies the recursive equations :
r(3) = δ−1
(
R − Ω(2))
r(k+3) = −δ−1 (Ω(k+2))+ δ−1(∂r(k+2) + 1
ν
k−1∑
l=1
r(l+2) ◦ r(k+2−l)
)
, k ≥ 1.
In particular, when Ω = 0, one has :
r(3) =
1
8
ωkrR
r
lijy
kylyi ⊗ dxj , (15)
r(4) =
1
40
ω
(
∂k,
((∇pR∇) (∂i, ∂j)) ∂l) ykylyiyp ⊗ dxj . (16)
Consider a flat connection D of the form (11) it is a graded derivation of ΓW ⊗ ΛM .
Then, ΓWD := {a ∈ ΓW | Da = 0} is an algebra for the ◦-product called the algebra of
flat sections. Define the symbol map σ : a ∈ ΓWD 7→ a00 ∈ C∞(M)[[ν]].
Theorem 2.10 (Fedosov [24]). The symbol map σ is a bijection on flat sections with
inverse Q : C∞(M)[[ν]]→ ΓWD.
Any a ∈ ΓWD is the unique solution to the equation:
a = a00 + δ
−1
(
∂a +
1
ν
[r, a]◦
)
.
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For any F ∈ C∞(M)[[ν]], denote by b(k) the W-degree k component of b ∈ ΓW ⊗ Λ(M),
then:
Q(F )(0) = F
Q(F )(k+1) = δ−1
(
∂Q(F )(k) +
1
ν
k−1∑
l=1
[r(l+2), Q(F )(k−l)]◦
)
. (17)
The ◦-product on ΓWD induces a star product ∗∇,Ω on (M,ω) by
F ∗∇,Ω G := σ(QF ◦QG) for F,G ∈ C∞(M)[[ν]].
Remark 2.11. Note that the map Q depends on ∇ and the series Ω, through ∂ and r .
We will now give the star product ∗∇,0 up to order 3 in ν to show it is indeed a
prolongation of the truncated star product defined by Equation (7). In the following
proposition, we give the first order terms of Q(F ) up to order 3. For terms of higher
degree, we only give the part that contribute to the order ≤ 3 terms of ∗∇,0.
Proposition 2.12. For ∇ a symplectic connection, and for the trivial choice of closed
formal 2-form Ω = 0, one has:
Q(F )(0) = F, Q(F )(1) = ∂kFy
k, Q(F )(2) =
1
2
∇2(l,k)Fykyl,
Q(F )(3) =
(
1
6
LXF∇pkl −
1
8
ω
(
R∇(XF , ∂p)∂k, ∂l
))
ykypyl.
Writing ≃ for equality modulo terms that will not contribute to the order ≤ 3 terms of ∗∇,0,
we get:
Q(F )(4) ≃ 0
Q(F )(5) ≃ ν
2
3!.48
ΛktΛluΛiv
(
y⊕kli ωkr(R∇)rlij
)(
y⊕tuv LXF∇tuv
)
yj
− ν
2
3!.2.64
ΛktΛluΛiv
(
y⊕kli ωkr(R∇)rlij
)(
y⊕tuv ω
(
R∇(XF , ∂t)∂u, ∂v
))
yj.(18)
Proof. The terms in Q(F ) that will contribute to ∗∇,0 up to order three, must be of the
form yk, ykyl, ykylyp, νyk, νykyl or ν2yk.
Q(F )(1) and Q(F )(2) are obtained by successive application of δ−1∂, they don’t involve
r for degree reason.
ForQ(F )(3), the first term in Equation (17) gives δ−1
(
∂Q(F )(2)
)
= 1
6
ω
(∇2pkXF , ∂l) ykypyl
and the second one is δ−1
(
1
ν
[r(3), Q(F )(1)]◦
)
= − 1
24
ω
(
R∇(XF , ∂p)∂k, ∂l
)
ykypyl. Using
Equation (4), that describes the Lie derivative of ∇ one obtains the desired expression
of Q(F )(3).
Let us analyse the three terms of Equation (17) for Q(F )(4). First, as ∂ preserves the
degree in y, δ−1(∂Q(F )(3)) is of degree 4 in y and hence will not contribute. Also, in
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Equation (15) and (16), we see that r(3), resp. r(4), are of degree 3, resp. 4 in y. Then, the
terms δ−1
(
1
ν
[r(3), Q(F )(2)]◦
)
and δ−1
(
1
ν
[r(4), Q(F )(1)]◦
)
are both of degree 4 in y and hence
will not contribute.
Inside Q(F )(5), the only terms that will contribute to ∗∇,0 up to order 3 in ν comes
from terms in ν2yj. Such terms appear in δ−1
(
1
ν
[r(3), Q(F )(3)]◦
)
and δ−1
(
1
ν
[r(5), Q(F )(1)]◦
)
and will give Equation (18). Note that the only term in r(5) that is contributing is the
term in ν2yj inside δ−1 (δ−1(R) ◦ δ−1(R)).
Proposition 2.13. Modulo terms of order greater or equal than 4 in ν, the star product
∗∇,0 of F,G ∈ C∞(M) is given by :
F ∗∇,0 G = FG+ ν
2
{F,G}+ ν
2
8
Λi1j1Λi2j2∇2i1i2F∇2j1j2G
+
ν3
48
Λi1j1Λi2j2Λi3j3LXF∇i1i2i3LXG∇j1j2j3 +O(ν
4)
Remark 2.14. The general formula for a Fedosov star product up to order 3 in ν can be
found in Section 4.5 of [8].
Proposition 2.6, can then be restated in terms of the Fedosov star product ∗∇,0.
Theorem 2.15 ([27],[43]). Let ∇ be a symplectic connection. A trace density ρ∇ for the
Fedosov star product ∗∇,0 is given by :
ρ∇ := 1 +
ν2
24
µ(∇) +O(ν3) (19)
In particular, if ∗∇,0 is closed, then ∇ is a solution to the equation
µ(∇) = C, for C ∈ R.
Remark 2.16. In [27], Fedosov obtain a recursive formula to compute the trace density of a
Fedosov star product. As an example of his procedure, he already obtained the Equation
(19), without using the moment map equation for µ.
Remark 2.17. Although we have seen in Section 2.1 that star products are closed up to
equivalence, it does not mean that µ can always be made constant. Given ∗∇,0, it means
there exists a closed star product ∗ equivalent to ∗∇,0 but ∗ is not necessarily of the form
∗∇′,0 for some ∇′ ∈ E(M,ω). See Section 4 for obstructions to the constancy of µ in the
Kähler settings.
2.4 The Berezin-Toeplitz star product
We work with a closed Kähler manifolds (M,ω, J), with Kähler metric g(·, ·) := ω(·, J ·),
admitting a pre-quantum line bundle (L, h,∇L), that is L → M is a holomorphic line
bundle with hermitian metric h, and Chern connection ∇L such that R∇L = −2πiω. Let
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us recall basic definitions in Kähler geometry. For a Kähler metric g = (gij) on a compact
Kähler manifold M the Ricci curvature is given by
Rij = −
∂2
∂zi∂zj
log det g.
Its trace
S = gijRij
is called the scalar curvature.
We consider tensor powers Lk := L⊗k equipped with induced Hermitian metric hk and
induced connection ∇Lk . The space Γ(M,Lk) of smooth sections of Lk is equipped with
natural inner product induced by hk. Denote by L2(M,Lk) the space of L2 sections of Lk
and by H0(M,Lk) its subspace of holomorphic sections.
The dimension ofH0(M,Lk) is finite. Let {s1, . . . , sNk} be a unitary basis ofH0(M,Lk).
The Bergman function ρ : M → R is defined by:
ρk(x) :=
Nk∑
i=1
hkx(si(x), si(x)), for x ∈M. (20)
When it is constant for all k >> 1, Cahen–Gutt–Rawnsley [13] obtained a deformation
quantization of the Kähler manifold.
The following is a result of Zelditch [73] and Lu [48].
Theorem 2.18. The Bergman function ρk admits an asymptotic expansion as k → +∞,
ρk ∼ a0km + a1km−1 + a2km−2 + . . . (21)
where the ai’s are polynomials in the curvature of the Kähler manifold and its covariant
derivatives. That is, for any r and s ∈ N, there exists Cs,r > 0 such that:∥∥∥∥∥ρk −
s∑
i=0
aik
m−i
∥∥∥∥∥
Cr
≤ Cs,rkm−s−1.
In particular,
a0 = 1 and a1 =
1
4π
S
where S denotes the scalar curvature.
To a function F ∈ C∞(M), one can associate a Toeplitz operator T kF ∈ End(H0(M,Lk))
defined by
T kF : H
0(M,Lk)→ H0(M,Lk) : s 7→ Πk(F.s),
forΠk : Γ(M,Lk)→ H0(M,Lk) being the L2-projection. Hereafter are results of Bordemann-
Meinrenken-Schlichenmaier, see [64], that relates Toeplitz operators to star products.
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Theorem 2.19.
1. There exists a unique star product ∗BT called Berezin-Toeplitz (BT) star product
defined by
F ∗BT G :=
∞∑
j=0
νjCj(F,G) for F,G ∈ C∞(M)
such that ∥∥∥∥∥T kF ◦ T kG −
j=N−1∑
j=0
(
1
k
)j
T kCj(F,G)
∥∥∥∥∥
Op
≤ KN(F,G)
(
1
k
)N
2. The trace of Toeplitz operators admits an asymptotic expansion of the form:∣∣∣∣∣Trk (T kF)−
j=N−1∑
j=0
(
1
k
)j−m ∫
M
τj(F )
ωm
m!
∣∣∣∣∣ ≤ K˜N(F )
(
1
k
)N−m
where the τj’s are linear differential operators on C∞(M), with τ0 = Id.
3. The trace of the BT star product is given by tr∗BT (F ) :=
∑∞
j=0 ν
j−m
∫
M
τj(F )
ωm
m!
.
Remark 2.20. The BT star product can also be obtained by Ma–Marinescu’s method [51].
Remark 2.21. The BT star product is known to be of separation of variables, that is
the Cj’s defining it differentiate the first argument in holomorphic direction and the sec-
ond argument in anti-holomorphic direction. As a consequence of the work of Karabegov
parametrising all such star products [38], ∗BT can be build using a Fedosov-like construc-
tion, Bordemann-Waldmann [11] and Neumaier [55].
Combining point 3 of the above Theorem and the Tian-Yau-Zelditch expansion, one
can see that the “formalisation” of the asymptotic expansion of the Bergman function is a
trace density for the Berezin-Toeplitz star product.
Theorem 2.22 (Barron-Ma-Marinescu-Pinsonnault [3]). The formal function ρ(x) :=∑+∞
r=0 ar(x)ν
r−m ∈ C∞(M)[ν−1, ν]], where the ai’s come from expansion (21), is a trace
density of the Berezin-Toeplitz star product.
Proof. We follow the proof of [3]. By definition,
Trk
(
T kF
)
=
Nk∑
i=1
∫
M
hkx(F (x)si(x), si(x))
ωm
m!
=
∫
M
F (x)ρk(x)
ωm
m!
.
Using the expansion of ρk, we get
Trk
(
T kF
) ∼ ∫
M
F (x)
(
a0k
m + a1(x)k
m−1 + a2(x)k
m−2 + . . .
) ωm
m!
From Theorem 2.19, we know that the coefficients of tr∗BT (F ) are given by the asymptotic
expansion of Trk
(
T kF
)
.
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Remark 2.23. Related to the Remarks 2.21 and 2.16, it should be possible to adapt the
Fedosov’s computation of trace density [27] to obtain a recursive formula for the trace
density of the BT star product and hence a recursive formula for the expansion of the
Bergman function. It would be interesting to compare it with Lu’s method [48] to obtain
the terms a2 and a3 of the expansion (21).
Visibly, the closedness of the BT star product forces the scalar curvature of the Kähler
metrics to be constant. Arezzo-Loi-Zuddas [1] proposes to study Kähler metrics for which
the ar’s are constant and expressed a sufficient condition in terms of balanced metrics. In
the language of deformation quantization, Arezzo-Loi-Zuddas studied the closedness of the
BT star product. Also, Lu-Tian [49] propose to study Kähler metrics for which am+1 = 0
and obtain a uniqueness result on complex projective spaces.
Remark 2.24. Related to Remark 2.17, the fact that ∗BT must be equivalent to a closed
star product does not lead to the existence of constant scalar curvature Kähler metrics.
3 Yau-Tian-Donaldson conjecture on the existence of
constant scalar curvature Kähler metrics
3.1 Yau-Tian-Donaldson conjecture
Consider a Kähler metric g = (gij) on a compact Kähler manifold M with Ricci curvature
Rij and scalar curvature S as defined in Section 2.4. If the Ricci curvature is proportional
to the Kähler metric g, that is, if there exists a real constant k such that
Rij = kgij
the metric is called a Kähler-Einstein metric. Obviously, a Kähler-Einstein metric is a
constant scalar curvature Kähler (cscK for short) metric. The Kähler metric is called an
extremal Kähler metric if the (1, 0)-part
grad1,0S =
m∑
i,j=1
gij
∂S
∂zj
∂
∂zi
of the gradient vector field of the scalar curvature S is a holomorphic vector field. Obviously,
a cscK metric is an extremal Kähler metric. If a Kähler-Einstein metric, a cscK metric
or an extrenal Kähller metric exists, it is considered as a canonical metric on a compact
Kähler manifold, and it is one of basic problems in Kähler geometry to find conditions for
the existence of such metrics.
By the Chern-Weil theory the Ricci form
Ricω =
√−1
m∑
i,j=1
Rijdz
i ∧ dz¯j
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represents 2πc1(M) for the first Chern class c1(M) as a de Rham class. If a Kähler-Einstein
metric exists, in accordance with the sign of k, c1(M) is represented by a positive, 0 or
negative (1, 1)-form. We express these three cases by writing c1(M) > 0, c1(M) = 0 or
c1(M) < 0. The condition c1(M) > 0 is also expressed as saying M is a Fano manifold.
Apparently it is necessary for M to admits a Kähler-Einstein metric that one of the three
conditions has to be satisfied. One may ask the converse. In [72], Yau proved conversely if
c1(M) < 0 then there exists a unique Kähler-Einstein metric in the Kähler class −c1(M),
and if c1(M) = 0 then there exists a unique Kähler-Einstein metric in each Kähler class
(Aubin [2] also proved the existence in the case of c1(M) < 0 independently). In the
case when c1(M) > 0 Chen-Donaldson-Sun [15] and Tian [68] proved that a necessary
and sufficient condition for the existence is K-stability. We postpone the definition of K-
stability until later in this subsection. But the general Yau-Tian-Donaldson conjecture
for cscK metric is stated as follows. We say a complex line bundle L → M is ample if
c1(L) > 0, and the pair (M,L) is called a polarized manifold. Later we will define the
notion of K-stability for polarized manifolds.
In the Fano case we take L = K−1M , and in this case the conjecture was confirmed as
mentioned above. For general polarization, this conjecture is still unsolved at the moment
of this writing, and is being actively studied. Before the study of the notion of K-stability
there were several known necessary conditions and also sufficient conditions. Here we men-
tion two necessary conditions which are related to our study of deformation quantization.
Let h(M) denote the complex Lie algebra of all holomorphic vector fields on a compact
Kähler manifold M . We set
hred(M) = {X ∈ h(M) |X has a zero}
and call it the reduced Lie algebra of holomorphic vector fields. We abbreviate hred(M)
as hred sometimes for simplicity. It is a well-known result ([47], [45] or [35]) that for
X ∈ hred(M) there exists uniquely up to constant functions a complex-valued smooth
function uX such that
i(X)ω =
√−1 ∂uX . (22)
In this sense hred(M) coincides with the set of all “Hamiltonian” holomorphic vector fields.
(The terminology “Hamiltonian” may be misleading because X does not preserve the sym-
plectic form unless uX is a pure imaginary valued function). We always assume that
Hamiltonian function uX is normalized as∫
M
uX ω
m = 0. (23)
Theorem 3.1 ([14]). Let M be a compact extremal Kähler manifold. Then the Lie algebra
h(M) has a semi-direct sum decomposition
h(M) = h0 +
∑
λ>0
hλ
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where hλ is the λ-eigenspace of ad(
√−1grad1,0S), and √−1grad1,0S belongs to the center
of h0. Further h0 is reductive, and decomposes as h0 = a + h0 ∩ hred where a consists of
parallel vector fields and thus is abelian. We also have hred = h0 ∩ hred +
∑
λ>0 hλ.
From this theorem it follows that if M admits a constant scalar curvature Kähler metric
then we have h(M) = h0, and therefore h(M) is reductive. This result is called the
Lichnerowicz-Matsushima theorem and is a well-known obstruction for the existence of
Kähler-Einstein metrics (Matsushima [52]) and Kähler metrics of constant scalar curvature
(Lichnerowicz [47]) in 1950’s.
Another obstruction is found by the first author in 1980’s [28]. Take any Kähler class
Ω := [ω0] represented by a Kähler form ω0. Choose any ω ∈ Ω. We define a linear map
f : hΩ → C of the Lie subalgebra hΩ consisting of all elements in h(M) preserving Ω into
C by
f(X) :=
∫
M
XF ωm (24)
where F ∈ C∞(M) is given by
∆F = S −
∫
M
Sωm∫
M
ωm
and XF denotes the derivative of F by the holomorphic vector field X and ∆ = gαβ¯∂α∂β¯ .
Theorem 3.2 ([28]). Let M be a compact Kähler manifold, Ω := [ω0] a fixed Kähler class.
Then f(X) given by (24) does not depend on the choice of a Kähler form ω ∈ Ω. In
particular f is a Lie algebra homomorphism. Further, if there exists a constant scalar
curvature Kähler metric in the Kähler class Ω then we have f = 0.
There is a Fano manifold satisfying Matsushima’s condition of reductiveness but f 6= 0,
see [28].
Then by (22), a Hamiltonian holomorphic vector field X ∈ hred is expressed as X =
grad1,0uX . Here, grad
1,0uX is the (1, 0)-part
grad1,0uX =
m∑
i,j=1
gij
∂uX
∂zj
∂
∂zi
of the gradient vector field of uX . Then the Lie algebra homomorphism (24) is expressed
as
f(X) = −
∫
M
uXSω
m. (25)
There are many other ways to express the invariant f(X). First we introduce an
expression as an element of equivariant cohomology due to Futaki-Morita [33], see also
[30].
Let G be a complex Lie group, and let π : P → M be a complex analytic principal
G-bundle with the right action of G. We assume that the action of the structure group G
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is a right action. Each Y ∈ g defines a complex vector field Y∗ on P induced by the action
of G. Suppose that the group H(M) of all automorphisms acts on P from the left complex
analytically and commuting with the action of G.
Let θ be a type (1,0)-connection on P and Θ its curvature form. Recall that a connection
gives by definition a g-valued 1-form θ on P , called the connection form, such that
θ(Y∗) = Y, θ(Y∗) = 0 for every Y ∈ g,
(Ra)
∗θ = ad(a−1)θ
where ad denotes the adjoint representation of G on g.
Since H(M) acts on P , X ∈ h(M) defines a holomorphic vector field on P , which
we shall denote by X∗. Since the actions of G and H(M) commutes, Rg∗X∗ = X∗. Let
Ik(G) be the set of all G-invariant polynomials of degree k on g. It is shown in [33] that,
for ϕ ∈ Im+p(G), ϕ(θ(X1∗), · · · , θ(Xp∗),Θ, · · · ,Θ) is a well defined 2m-form on M where
p ≥ 0 and X1, · · · , Xp ∈ h(M). We define fϕ : ⊗p h(M)→ C by
fϕ(X1, · · · , Xp) =
(
m+ p
p
)∫
M
ϕ(θ(X1∗), · · · , θ(Xp∗),Θ, · · · ,Θ)). (26)
Further, it is shown that the definition of fϕ is independent of the choice of the type (1, 0)
connection θ and that fϕ is an H(M)-invariant polynomial of degree p. Thus we get a
linear map F : Im+p(G)→ Ip(H(M)) by defining F (ϕ) = fϕ.
LetN be a smooth manifold on which a Lie groupG acts, and EG → BG be the universal
G-bundle. The cohomology group of NG = EG×GN , usually denoted by H∗G(N), is called
the equivariant cohomology ofN . In the special case when N is a point, H∗G(pt) = H
∗(BG).
If G acts on N freely, H∗G(N) ∼= H∗(N/G). Now let M be a compact complex manifold of
dimension m and H be the group of all automorphisms of M . Let P → M is a complex
analytic principal bundle whose structure group is a complex Lie group G with the right
action. Assume that the action of H on M lifts to a left action on P commuting with the
action of G. Then PH = EH ×H P → MH = EH ×H M is a principal G-bundle. Then it
is shown in [33] that the following diagram commutes:
Im+p(G)
F−−→ Ip(H)yw yw
H2m+2pH (M ;C)
pi∗−−→ H2pH (pt;C)
where the two w’s are Weil homomorphisms corresponding to PH → MH and EH → BH ,
and π∗, denotes the Gysin map (namely integration over the fiber) of π : MH → BH .
For p = 1, we may restrict H to S1 ⊂ C∗. Then BH = BS1 = CP∞. Since H2H(pt;C) =
H2(CP∞;C) = H2(CP1;C) = C, the right hand side of (26) can be considered as an
element of H2H(pt;C) when X is the infinitesimal generator of S
1. If we take ϕ = cm+11 for
a Fano manifold M where c1 = tr we have
fcm+11 (X) = (m+ 1)
∫
M
(divηX/2π) Ric
m
η (27)
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where η is a Kähler form on M . For a Kähler form ω we may take ω = Ricη by Calabi-Yau
theorem ([72]). Then the right hand side of (27) becomes (m+1) times (25). See page 69,
[30] for the proof.
The next expression of the invariant f(X) is due to Donaldson [22]. Since this expression
is used to define K-stability we formulate it for schemes. Let Λ → N be an ample line
bundle over an n-dimensional projective scheme N . We assume there is a C∗-action as
bundle isomorphisms of Λ covering a C∗-action on N . For any positive integer k, there is
an induced C∗ action on H0(N,Λk). Put dk = dimH0(N,Λk) and let wk be the weight
of C∗-action on ∧dkH0(N,Λk). For large k, dk and wk are polynomials in k of degree n
and n+1 respectively by the Riemann-Roch and the equivariant Riemann-Roch theorems.
Therefore wk/kdk is bounded from above as k tends to infinity. For sufficiently large k we
expand
wk
kdk
= F0 + F1k
−1 + F2k
−2 + · · · .
Now let L→M is an ample line bundle over a smooth complex manifold M and apply
the above formulation by taking (Λ, N) = (L,M) and consider c1(L) as a Kähler class. We
show
F1 =
−1
2m!vol(M,ω)
f(X) (28)
when
√−1X generates an S1-action. To show (28) let us denote by n the complex dimen-
sion of M . Expand dk and wk as
dk = a0k
m + a1k
m−1 + · · · ,
wk = b0k
m+1 + b1k
m + · · · .
Then by the Riemann-Roch and the equivariant Riemann-Roch formulae dk and wk are
computed as degree 0 and 1 terms in t of the integral of
ek(ω+tuX )Td(
√−1
2π
(tL(
√−1X) + Θ)) =
∞∑
p=0
kp
p!
(ω + tuX)
p
∞∑
q=0
Td(q)(
√−1
2π
(tL(
√−1X) + Θ))
overM , c.f. (26) or [5], [6]. Here Td(q) is the Todd polynomial of degree q, L(X) = ∇X−LX
and t is the generator of H2S1(pt;Z) = H
2(CP1;Z) of the equivariant cohomology. Thus we
obtain
a0 =
1
m!
∫
M
c1(L)
m = vol(M),
a1 =
1
2(m− 1)!
∫
M
Ric ∧ c1(L)m−1 = 1
2m!
∫
M
S ωm,
b0 =
1
(m+ 1)!
∫
M
(m+ 1)uXω
m,
b1 =
1
m!
∫
M
muXω
m−1 ∧ 1
2
c1(M)− 1
m!
∫
M
divX ωm.
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Here, ω is a Kähler form in c1(L) and Ric = Ricω is the Ricci form of ω. The last term of
the previous integral is zero because of the divergence formula. Thus
wk
kdk
=
b0
a0
(1 + (
b1
b0
− a1
a0
)k−1 + · · · )
from which we have
F1 =
b0
a0
(
b1
b0
− a1
a0
) =
1
a20
(a0b1 − a1b0)
=
1
2vol(M)
∫
M
uX(S − 1
vol(M)
∫
M
S
ωm
m!
)
ωm
m!
=
1
2vol(M)
∫
M
uX∆F
ωm
m!
=
−1
2vol(M)
∫
M
XF
ωm
m!
=
−1
2m!vol(M)
f(X).
This competes the proof of (28).
Another useful formula is the cohomology formula due to Odaka [57] and Wang [71].
Let X be a holomorphic vector field on M which generates an S1-action. Suppose the
S1-action lifts to a holomorphic action on the total space of an ample line bundle L →
M . Let L → CP1 and M → CP1 be the restriction to CP1 ⊂ CP∞ of the L-bundle
ES1 ×S1 L → BS1 = CP∞ and M-bundle ES1 ×S1 M → BS1 = CP∞ associated to the
universal S1-bundle. Then f(X) can be computed by the intersection number
f(X) =
m
m+ 1
µ(M,L)c1(L)m+1 + c1(L)m · c1(KM/CP1) (29)
where
µ(M,L) :=
−c1(KM) · c1(L)n−1
c1(L)n
is the average scalar curvature of a Kähler metric in c1(L). One can show (29) by expressing
the equivariant Chern classes as
c1(L) = [ω + tuX ] and c1(KM/CP1) = −[Ric− tdivX ].
There are other expressions of f(X) such as the degree of CM-line bundle or the degree of
Deligne pairing, which can be shown to coincide by similar computations.
In [66] Tian defined the notion of K-stability for Fano manifolds and proved that if
a Fano manifold carries a Kähler-Einstein metric then M is weakly K-stable. Tian’s K-
stability considers the degenerations ofM to normal varieties and uses a generalized version
of the invariant f(X). Note that this generalized invariant is only defined for normal
varieties. As described above, Donaldson re-defined in [22] the invariant f(X) for projective
schemes and also re-defined the notion of K-stability for (M,L). The new definition does
not require M to be Fano nor the central fibers of degenerations to be normal. We now
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review Donaldson’s definition of K-stability. For an ample line bundle L over a projective
variety M , a test configuration of exponent r is a normal polarized variety (M,L) with
the following properties:
(1) there is a C∗-action on M lifting to L,
(2) there is a flat C∗-equivariant morphism π :M→ P1 for the standard C∗-action on P1,
such that over P1 − {0}, (M,L) is equivariantly isomorphic to (M × (C∗ ∪ {∞}), p∗MLr)
with the trivial action on the first factor M .
The C∗-action induces a C∗-action on the central fiber L0 → M0 = π−1(0). We put
DF (M,L) := −F1 which is called the Donaldson-Futaki invariant of the test configuration
(M,L).
If a holomorphic vector field X is the infinitesimal generator of an S1-action on the
polarized manifold (M,L), the restriction to P1 of (MS1 , LS1) = ES1 ×S1 (M,L)→ BS1 =
P∞ is a test configuration. This is called a product test configuration since MS1 |P1−{∞} ∼=
C ×M with the diagonal C∗-action, and DF (MS1, LS1) coincides with f(X)/2vol(M,ω)
by (28).
Definition 3.3. (M,L) is said to be K-semistable (resp. stable) if the DF (M,L) is non-
negative (positive) for all non-trivial test configurations. (M,L) is said to be K-polystable
if it is K-semistable and DF (M,L) = 0 only if the test configuration is product. (M,L) is
said to be K-stable if it is K-polystable and the automorphism group of (M,L) is finite.
Yau-Tian-Donaldson conjecture : For a polarized manifold (M,L), there exists a
constant scalar curvature Kähler metric in the Kähler class c1(L) if and only if (M,L) is
K-polystable.
Remark 3.4. There are other conventions in which K-stable means K-polystable.
Remark 3.5. Instead of −F1 one may use Odaka-Wang’s intersection number in the right
hand side of (29). See also [46] and [65].
Remark 3.6. It is known that we may assume (M,L) is smooth and that the central fiber
M0 is reduced, see [19].
Remark 3.7. K-semistability implies f(X) = 0 for any X since both f(X) and f(−X) are
non-negative.
Remark 3.8. Yau-Tian-Donaldson conjecture has been confirmed for Fano manifolds with
L = K−1M ([15], [68]). In this Fano case it is known that Donaldson’s K-stability is equivalent
to Tian’s original definition, see [46].
3.2 Geometric invariant theory and moment map
The notion of K-stability is modeled on Geometric Invariant Theory (GIT for short) due
to Mumford [53] to construct good moduli space when the equivalence classes are given by
orbits of a group action. The invariant DF is used as the Mumford weight in the Hilbert-
Mumford criterion as explained below. The idea is to discard “unstable orbits” and take
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the quotient of (semi)stable orbits, and then one will get a Hausdorff and compactifiable
moduli space.
There is a moment map interpretation due to Kempf and Ness [41] (see also [23]) of
stable orbits. Let Z be a compact Kähler manifold with Kähler form κ, and π : Λ → Z
a holomorphic line bundle with c1(Λ) = [κ]. Suppose a reductive complex Lie group G is
a complexification Kc of a compact Lie group K where K acts on Z in the Hamiltonian
way, i.e. for any X ∈ k := Lie(K) we have
i(X)κ = −dµX
for some smooth function µX ∈ C∞(Z). Then µ : Z → k∗ is called the moment map for
the action of K if µ is K-equivariant and
〈µ,X〉 = µX .
Suppose the action of Kc lifts to Λ. Let p ∈ Z.
Definition 3.9. The orbit Kc · p is said to be polystable if, for p˜ ∈ Λ−1 with π(p˜) = p,
p˜ 6= 0, the orbit Kc · p˜ in Λ−1 is closed. Note that this is independent of choice of such p˜.
The orbit Kc · p is said to be stable if it is polystable and p has finite stabilizer.
Kempf-Ness theorem asserts that the orbit Kc · p is polystable if and only if Kc · p has a
zero point of µ. That is,
Kc · p ∩ µ−1(0) 6= ∅.
Hilbert-Mumford criterion says that p ∈ Z is stable with respect to Kc-action if and only
if p ∈ Z is polystable with respect to every one parameter subgroup σ : C∗ → Kc. If
limt→0 σ(t)p = p0 then p0 is a fixed point of σ, and σ(t)Λp0 = Λp0. Then σ(t) : Λp0 → Λp0
is a linear action. Let α be its weight so that z 7→ t−αz. Then p ∈ Z is polystable with
respect to σ if and only if α > 0. We call the weight α the Mumford weight. Thus p ∈ Z is
polystable if and only if the Mumford weight α is positive for every one parameter subgroup
σ.
There exists an Hermitian metric h on Λ−1 such that its Hermitian connection θ satisfies
− 1
2π
dθ = π∗κ.
We define a function ℓ : Kc · p˜→ R on the orbit Kc · p˜ ⊂ Λ−1, p˜ 6= 0, by
ℓ(γ) = log |γ|2 (30)
where the norm |γ| is taken with respect to h. The following is well-known, see [23], section
6.5.
• The function ℓ has a critical point if and only if the moment map µ : Z → k∗ has a
zero on Γ.
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• The function ℓ is convex.
The Donaldson functional in Kobayashi-Hitchin correspondence and Mabuchi K-energy in
the study of cscK metrics are modeled on this functional ℓ, and enjoy these two properties.
Suppose we are given a K-invariant inner product on k. Then we have a natural
identification k ∼= k∗, and k∗ also has a K-invariant inner product. Let us consider the
function φ : Kc · x0 → R given by φ(x) = |µ(x)|2. A critical point x ∈ Kc · x0 of φ is called
an extremal point.
Proposition 3.10 ([70]). Let x ∈ Kc · x0 be an extremal point. Then we have a decompo-
sition of the Lie algebra
(kc)x = (kx)
c +
∑
λ>0
kcλ
where kcλ is the λ-eigenspace of ad(
√−1µ(x)), and √−1µ(x) belongs to the center of (kx)c.
In particular we have (kx)c = (kc)x if µ(x) = 0.
This is a finite dimensional model of Calabi’s decomposition Theorem 3.1. Calabi’s
original proof is given by a Hessian formula of the Calabi functional, the square L2 norm
of the scalar curvature, but L.Wang [69] gave a finite dimensional model argument of the
Hessian formula. This formal argument is useful since it made us possible to obtain similar
decomposition theorem for other geometric nonlinear problems which have moment map
interpretation, see Theorem 4.3 below.
Now we turn to Donaldson-Fujiki picture where Z is an infinite dimensional Kähler
manifold which we now define. In the usual study of Kähler geometry beginning from
Calabi, the complex structure on a compact complex manifold M is fixed, some Kähler
class [ω] of a Kähler form ω is also fixed, and then one tries to find a canonical metric in
the Kähler class [ω]. However, in view of Moser’s theorem one may fix a symplectic for ω,
and consider the set of ω-compatible complex structures J . The space of such J is our Z
in this picture. Here, we say that J is compatible with ω if
ω(JX, JY ) = ω(X, Y ), ω(X, JX) > 0
are satisfied for all X, Y ∈ TpM . Therefore, for each J ∈ Z, the triple (M,ω, J) is a
Kähler manifold. In this situation the tangent space of Z at J is a subspace of the space
Sym2(T ∗0,1M) of symmetric tensors of type (0, 2), and the natural L2-inner product on
Sym2(T ∗0,1M) gives Z a Kähler structure.
We assume dimRM = 2m. The set of all smooth functions u on M with∫
M
u
ωm
m!
= 0
is a Lie algebra with respect to the Poisson bracket in terms of ω. Denote this Lie algebra
by k and let K be its Lie group. Namely K is a subgroup of the group of symplectomor-
phisms generated by Hamiltonian diffeomorphisms. K acts on the Kähler manifold Z as
holomorphic isometries.
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Theorem 3.11 (Donaldson-Fujiki). Let SJ be the scalar curvature of the Kähler manifold
(M,ω0, J) and let µ : Z → k∗ be the map given by
< µ(J), u >=
∫
M
SJ u ω
m
where u ∈ k. Then µ is a moment map for the action of K on Z.
Thus, µ−1(0) is identified with the set of cscK metrics, and in view of Kempf-Ness theorem,
the cscK problem should be a GIT stability issue. A demerit of this picture is that there
is no complexification of the Hamiltonian diffeomorphisms group K. However there is a
complexification k ⊗ C of k. If X is a Hamiltonian vector field and uX its Hamiltonian
function, we have
LJXω = i∂∂uX ,
and thus Kc-orbit can be considered as the Kähler class.
The fact that µ is a moment map for the action of K on Z is equivalent to the equation
d
dt
∣∣∣∣
t=0
〈µ(Jt), uX〉 = (JLXJ, J˙)L2 . (31)
We call this the moment map formula. This formula shows that if LXJ = 0, that is, X is
a holomorphic vector field then the derivative with respect to J of
f(X) = −
∫
M
SJ u ω
m
0
vanishes, and thus f(X) is an invariant independent of J , giving an alternative proof of
Theorem 3.2.
Note that Theorem 3.11 or equivalently the equation (31) also implies that J is a critical
point of the Calabi energy
J 7→
∫
M
|SJ |2ωm
if and only if (M,J, ω0) is an extremal Kähler manifold. This can be seen by taking
u = SJ . Using the formal argument of L.Wang, we can give an alternative proof of
Calabi’s decomposition theorem 3.1, see [32].
3.3 Asymptotic Chow semi-stability, balanced embeddings and
constant scalar curvature Kähler metrics
Chow stability of a polarized manifold (M,L) is defined in terms of the stability of the
Chow point, but there is an equivalent description in terms of balanced condition originally
due to Luo [50], see also [61]. This balanced condition is already appeared in subsection 2.4.
Recall that for a Hermitian metric h of L with its curvature ωh := − i2pi∂∂ log h positive,
s1, . . . , sNk be an orthonormal basis of H
0(M,Lk) with respect to the L2 inner product
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induced by h and the Kähler form ωh we defined the Bergman function ρk : M → R by
ρk(x) =
∑Nk
i=1 ||si(x)||hk . We say that hk is a balanced metric if ρk is a constant function.
In this case the Kodaira embedding using the orthonormal basis is said to be a balanced
embedding. Note that this condition of balanced embedding is equivalent to saying that
(M,ω)→ (CPNk−1, ωFS) is an isometric embedding where ωFS is the Fubini-Study metric.
We also say that (M,Lk) is balanced if there is a balanced metric. Then (M,Lk) is Chow
semistable if and only if (M,Lk) admits a balanced embedding, Chow stable if it is Chow
semistable and the automorphism group of (M,Lk) is finite. The polarized manifold (M,L)
is said to be asymptotically Chow stable (resp. semistable) if for some ℓ sufficiently large,
(M,Lk) is Chow stable (resp. semistable) for all k ≥ ℓ.
Using the asymptotic expansion Theorem 2.18 of the Bergman function Donaldson [21]
proved the following. Let (M,L) be a polarized manifold and suppose that Aut(M,L) is
discrete. If there exists a constant scalar curvature Kähler form in c1(L) then
1. (M,L) is asymptotically stable, and thus for each k a balanced metric of Lk exists
for each k, and
2. as k → ∞ the balanced metrics converge to the constant scalar curvature Kähler
metric.
This theorem of Donaldson suggests one to try to show the existence of a constant scalar
curvature Kähler metric by using a sequence of balanced metrics. However the following
result ([31]) of the first author shows that when Aut(M,L) is not discrete it is not always
possible to choose balanced metrics.
Let Ik(G) denote the set of all G-invariant polynomials of degree k:
Ik(G) = {φ : Symk(g)→ C | φ ◦ Ad(g) = φ for any g ∈ G}.
We define Fφ(X) for φ ∈ Ik(G) and X ∈ h by
Fφ(X) = (m− k + 1)
∫
M
φ(Θ) ∧ uX ωm−k
+
∫
M
φ(θ(X) + Θ) ∧ ωm−k+1. (32)
Then it is shown in [31] that Fφ(X) is independent of the choices of the connection θ of
type (1, 0) on PG and of the Kähler form ω ∈ Ω on M . In particular Fφ : h → C is
a Lie algebra homomorphism. If we take φ to be the k-th Todd polynomial Td(k) then
FTd(k), k = 1, . . . , m are obstructions for a polarized manifold (M,L) to asymptotic Chow
semistability:
Theorem 3.12 ([31]). If a polarized manifold (M,L) is asymptotically Chow semistable
then for 1 ≤ ℓ ≤ m we have
FTd(ℓ)(X) = 0.
In particular, in the case of ℓ = 1 this implies f(X) = 0.
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The last statement follows since Td(1) = c1/2 and FTd(1) coincides with fcm+11 in (27) up to
positive constant.
An example of toric Kähler-Einstein manifold satisfying Td(k) 6= 0 for some k was
suggested by Nill-Paffenholz [56]. The computation of Td(k) 6= 0 was undertaken by Ono-
Sano-Yotsutani [60]. In fact, it turns out that FTd(1)(X) = 0 (because it is Kähler-Einstein)
but for ℓ ≥ 2 we have FTd(ℓ)(X) 6= 0.
Further, Della Vedova-Zuddas [18] gave an example of a compact Kähler surface with
constant scalar curvature Kähler form belonging to an integral class which is asymptotically
Chow unstable.
More recently Sano and Tipler [63] showed if there exists an extremal Kähler metric in
c1(L) of a polarized manifold (M,L), there is a σ-balanced metric for some σ ∈ Aut(M,L)
for each k, and the sequence of σ-balanced metric converges to the extremal Kähler metric
where σ-balanced metric is defined by
Φ∗kωFS = σ
∗ωh,
Φk is the Kodaira embedding by L2(h) basis as before.
4 Cahen-Gutt moment map and closed Fedosov star
product
Let (M,ω) be a compact symplectic manifold. In subsection 2.2 we defined E(M,ω) to
be the space of all symplectic connections, the symplectic form ΩE on E(M,ω), and the
Cahen-Gutt moment map µ : E(M,ω) → C∞(M) with respect to the Hamiltonian group
action, see Theorem 2.5.
Now we assume that M is a compact Kähler manifold and that ω is a fixed symplectic
form. We have set Z in subsection 3.2 to be
Z = {J integrable complex structure | (M,ω, J) is a Kähler manifold}.
The second author considered in [43], [44] the Levi-Civita map lv : Z → E(M,ω) sending
J to the Levi-Civita connection ∇J of the Kähler manifold (M,ω, J). The pull-back of the
Cahen-Gutt moment map is given by:
(lv∗µ)(J) = 2∆JSJ + P (∇J),
for SJ being the scalar curvature of the Kähler manifold (M,ω, J) and ∆J := (gJ)αβ¯∂α∂β¯
where gJ(·, ·) := ω(·, J ·).
In (4), LXf∇ is expressed as
LXf∇ = (ωuvRvtsqXsf +∇q∇uXsf ωst) dxq ⊗ dxu ⊗ dxt
30
in real coordinates, if we choose local holomorphic coordinates z1, · · · , zm then it is ex-
pressed as
LXf∇J = fijkdzi ⊗ dzj ⊗ dzk + fijkdzi ⊗ dzj ⊗ dzk (33)
+fijkdz
i ⊗ dzj ⊗ dzk + fijkdzi ⊗ dzj ⊗ dzk
+fikjdz
i ⊗ dzj ⊗ dzk + fikjdzi ⊗ dzj ⊗ dzk
+fjkidz
i ⊗ dzj ⊗ dzk + fjkidzi ⊗ dzj ⊗ dzk
where the lower indices of f stand for the covariant derivatives, e.g. fijk = ∇k∇j∇if , see
[34].
Since the terms in the right hand side of (33) are pointwise linearly independent, we
obtain the following.
Proposition 4.1. For a real smooth function f , LXf∇J = 0 if and only if LXfJ = 0. In
this case, Xf is a holomorphic Killing vector field.
Hence from the moment map formula (6), the above Proposition 4.1 and Theorem 2.15,
we obtain the following Theorem. We consider hR consisting of vector fields X such that
grad(1,0)f ∈ hred for some real smooth function, normalised by
∫
M
f ωm = 0.
Theorem 4.2 ([44]). Let (M,ω) be a compact Kähler manifold, and hR be the real reduced
Lie algebra of holomorphic vector fields. Then
Fut(grad(1,0)f) :=
∫
M
µ(∇J) f ωm
is independent of the choice of J ∈ J (M,ω). If Fut 6= 0 then there is no Kähler metric
for which the Fedosov star product ∗∇,0 is closed.
In [44], this theorem was proven by J-fixed and ω-varying argument. It is also shown in
[44] that the character Fut coincides with the imaginary part of F 8π2
(m−1)!
(c2−
1
2
c21)
in (32).
Note also that c21 − 2c2 is the first Pontrjagin class.
Theorem 4.3 ([34]). Let M be a compact Kähler manifold. If there exists a Kähler metric
with non-negative Ricci curvature such that µ(∇) is constant for the Cahen–Gutt moment
map µ and the Levi-Civita connection ∇ then the reduced Lie algebra hred of holomorphic
vector fields is reductive. In particular, if hred is not reductive then there is no Kähler
metric with non-negative Ricci curvature such that the Fedosov star product ∗∇,0 for the
Levi-Civita connection ∇ is closed.
To show this we define Cahen–Gutt version of extremal Kähler metrics and prove a sim-
ilar structure theorem as the Calabi extremal Kähler metrics. The strategy of the proof of
the structure theorem for Cahen–Gutt extremal Kähler manifold is to use the formal finite
dimensional argument for the Hessian formula of the squared norm of the moment map
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given by Wang [69]. The merit of Wang’s argument is that once the suitable modification
of the Lichnerowicz operator is made we can apply his formal argument without using
the explicit expression of the modified Lichnerowicz operator. One only has to identify
the kernel of the Lichnerowicz operator, up to now we can only do that when the Ricci
curvature is non-negative. This strategy has been used previously for perturbed extremal
Kähler metrics in [32].
Denoting by Hred the connected Lie group whose Lie algebra is hred.
Theorem 4.4. Let (M,ω, J) be a closed Kähler manifold with non-negative Ricci curvature
such that µ(∇) is constant. Then, there exists a neighbourhood U of ω ∈MΘ such that if
ω′ ∈ U with µ′(∇′) is constant then ω′ lies in the Hred orbit of ω. In particular, if ∗∇,0 is
closed, the only closed Fedosov star product of the form ∗∇′,0 for ω′ ∈ U are isomorphic to
∗∇,0. The isomorphism is the pull back by an element of Hred.
Note that when we wrote µ′(∇′) we mean the Cahen-Gutt moment map µ′ on E(M,ω′).
Similarly for the Fedosov star product, ∗∇′,0 is a deformation quantization of the symplectic
manifol (M,ω′).
Attempting to formulate K-stability for the existence problem of Kähler metrics with
constant Cahen-Gutt momentum µ(∇), we need to know the correct sign convention for
the Donaldson-Futaki invariant. This sign convention is determined by the sign convention
of the K-energy so that it is convex on the space of Kähler forms. Note that the K-energy
plays the role of the function ℓ in (30) so that it must be convex. The correct sign convention
of the K-energy is checked as follows.
The smooth path ωφt is a geodesic if and only if φ¨−‖dφ‖2t = 0. We propose a K-energy
with respect to the Cahen-Gutt moment map µ by
K(ωϕ, ω0) :=
∫ 1
0
∫
M
ϕ˙(µ(∇t)− µ0)ω
m
m!
dt,
integration is taken along a path joining ω0 to ωϕ. (Note that this convention is opposite
to the cscK case where µ(∇) is the scalar curvature.) Its differential is given by
dK(ϕ˙) =
∫
M
ϕ˙µ(∇t)ω
m
m!
.
The Hessian of K along a geodesic ωφt is then computed using the geodesic equation here
above and the moment map equation. Take ft the family of diffeomorphisms generated by
the vector field −gradφ(φ˙) and Jt := f−1∗ ◦ J ◦ ft∗. We have
Hess(K)(φ˙, φ˙) = −(lv∗Ω)
(
LX
f∗
t
φ˙
Jt, JtLX
f∗
t
φ˙
Jt
)
,
which is non-negative provided the Ricci tensor of ωφt is non-negative [43].
For Y generating a Hamiltonian isometric S1-action with
i(Y )ω = −dvY . (34)
32
Then grad(1,0)vY ∈ h, the character Fut admits the following expression in terms of equiv-
ariant cohomology classes:
Fut(grad(1,0)vY ) = 2m
∫
M
(vY + ω)
m−1c2
(√−1 (R +∇Y (1,0)))
−m
∫
M
(vY + ω)
m−1(Ricω −∆vY )2. (35)
Adapting the cohomology formula (29) of Odaka [57] and Wang [71] to our context, we
obtain
1
(2π)m
Fut(grad(1,0)vY ) =
−2
m+ 1
κ(M,L).c1(L)m+1+2m
(
c2(M)− 1
2
c21(K−1M/CP1)
)
.c1(L)m−1
(36)
where κ(M,L) is the average of the Cahen-Gutt momentum
κ(M,L) := m(m− 1)
(
c2 − 12c21
)
(M).c1(L)
m−2
c1(L)m
.
Note that the first term in (36) did not appear in (35) because we assumed the normaliza-
tion (23) for vY .
This equivariant cohomology formula suggests that one could define K-stability related
to the study of Kähler metric with constant Cahen-Gutt momentum, at least if one can
restricts to smooth test configurations as in [19].
Remark 4.5. The two conventions (22) and (34) agree when Y = JX and uX = vY .
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